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Let  be the Kac–Moody algebra associated to the afﬁne Cartan matrix E16 . Each
nilpotent Lie algebra of type E16 is isomorphic to a quotient of the positive part
of . We determine the isomorphism classes of nilpotent Lie algebras of type E16 .
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0. INTRODUCTION
The problem of determining all the Lie algebras of ﬁnite dimension was
broken by Levi’s theorem in two parts: ﬁrst, the classiﬁcation of semisimple
Lie algebras (achieved by Killing and Cartan around 1890) and secondly,
the classiﬁcation of solvable Lie algebras (reduced to the classiﬁcation of
nilpotent Lie algebras by Malcev in 1945).
In [13] a Kac–Moody Lie algebra A has been associated canonically
to each nilpotent Lie algebra . One says that  is of type A. This result
sets up an important link between nilpotent Lie algebras and Kac–Moody
Lie algebras and allows us to use a new tool, the theory of Kac–Moody Lie
algebras, for classifying nilpotent Lie algebras.
1 The authors gratefully acknowledge the help given by Prof. L. Santharoubane to this work.
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The ﬁrst family of Kac–Moody Lie algebras studied are the simple Lie
algebras. The study of nilpotent Lie algebras of maximal rank and of
type AB CD was made by Favre and Santharoubane in [5]. Later,
Agraﬁotou and Tsagas studied these algebras, of types E6 E7, and E8
ﬁnding that there exist (up to isomorphism) 149 nilpotent Lie algebras of
maximal rank and of type E6 and 1605 nilpotent Lie algebras of maximal
rank and of type E7 (see [3]). Favre and Tsagas studied the nilpotent Lie
algebras of maximal rank and of type F4 (see [6]).
The second family of Kac–Moody algebras are the afﬁne Lie algebras.
Santharoubane studied in 1982 (see [12]) the afﬁne Lie algebras of rank
2 and of types A11 and A
2
2 . He proved that there are exactly (up to
isomorphism), three inﬁnite series and 10 inﬁnite series, respectively, of




Kanagavel studied in [10] the nontwisted afﬁne Lie algebras, of rank 3
and of types A12  B
1
2 , and G
1
2 . He proved that there are exactly nX
inﬁnite series and a continuous family of nilpotent Lie algebras of maximal
rank and of type X, where nA12  = 9 nB12  = 18, and nG12  = 39.
Later, the types D14 and D
1
5 were studied by Agraﬁotou in [1, 2],
respectively. This author found that there are exactly 81 inﬁnite series
(up to isomorphism) with discrete parameters and eight inﬁnite series
with continuous parameters and of type D14 and 217 inﬁnite series (up to
isomorphism) with discrete parameters and 18 inﬁnite series with continuous
parameters and of type D15 .
Finally, we studied in [7] the case F 14 . We proved that there are exactly
1095 inﬁnite series (up to isomorphism) with discrete parameters and 28
inﬁnite series with continuous parameters of nilpotent Lie algebras of
maximal rank and of Kac–Moody type F 14 .
The objective of this paper is to study E16 . The main result is the
following: there are exactly 2807 inﬁnite series (up to isomorphism) with
discrete parameters and 126 inﬁnite series with continuous parameters of
these algebras.
The structure of this paper is as follows: in Section 1 we introduce some
deﬁnitions and notations related to Kac–Moody Lie algebras, particularly
of afﬁne type, and we explain the classiﬁcation method for nilpotent Lie
algebras of maximal rank.
In Section 2 we describe the automorphism group G of the Dynkin
diagram of E16 and the action of G. Section 3 is devoted to the study
of + and the ideals in +. Finally, in Section 4 we use these results to
achieve the list of the ideals in + and we obtain the main result above
mentioned.
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1. DEFINITIONS AND NOTATIONS
1.1. The Kac–Moody Lie Algebra of Afﬁne Type
1.1.1.
A matrix A = aiji j=1 with entries in  is called a Cartan matrix if it
satisﬁes the following conditions:
1. aii = 2 for i = 1     ;
2. aij ≤ 0 for i = j;
3. aij = 0⇐⇒ aji = 0.
1.1.2.
Let A = aiji j=1 be a Cartan matrix and let  be a complex vector
space such that dim  = 2 − rankA. Let α1     α ⊂ ∗, where ∗
is the dual space of , and let α∨1      α∨l  ⊂  be linearly independent
subsets in ∗ and , respectively, satisfying the following conditions:
αj α∨i  = aij i j = 1     
The Lie algebra A, generated by Ei Fi i = 1      and , and the
deﬁning relations
Ei Fj = δijα∨i i j = 1     
h h′ = 0 h h′ ∈ 
hEi = αi hEi i = 1      h ∈ 
h Fi = −αi hFi i = 1      h ∈ 
are called the nonreduced Kac–Moody Lie algebra associated to the Cartan
matrix A.
Note that we can keep this same deﬁnition for Kac–Moody algebra
because to get the Kac–Moody algebra one has to quotient the nonreduced
Kac–Moody algebra by the radical. It was proved that this radical is (0)
when A is symmetrizable, which is the case when A is of afﬁne type.
1.1.3.
For α = ∑diαi with d1     d ∈  − 0 we denote by α (resp.
−α) the subspace of A generated by the elements Ei1     Eir  (resp.Fi1     Fir , where Ei (resp. Fi) appears di times. If d1     d ∈  is
such that all the di’s are not of the same sign, let α = 0. We denote 0 = .
α1     α and α∨1      α∨  are called the root basis and the coroot basis,
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respectively. E1     E and F1     F are called the Chevalley generators
and  is called the Cartan subalgebra of A.
The sets  = α = ∑diαi d1     d ∈  − 0 and α = 0 and
+ = α =
∑
diαi d1     d ∈  − 0 and α = 0 are called,
respectively, root system and positive root system of A and we set
− = −+ (negative roots). We have then  = − ∪ 0 ∪ +. With







Furthermore, A = − ⊕  ⊕ +, where − = ⊕α∈−α is called the
negative part and + = ⊕α∈+α the positive part. If α =
∑
diαi we call






A be the simple ﬁnite-dimensional Lie algebra whose Cartan
matrix
◦
A is a matrix of ﬁnite type E6 from table Fin (see [9, p. 54]). Fix a
nondegenerate invariant symmetric bilinear -valued form ·· on . Let
L = t t−1 be the algebra of Laurent polynomials in t.
The Kac–Moody Lie algebra associated to the afﬁne matrix A of type
E
1
6  A, is a nontwisted afﬁne algebra of type E16 and is the Lie algebra
(see [9, p. 101])
A = L ⊗ ◦ ⊕ c ⊕ d
with the bracket deﬁned as
tk ⊗ x⊕ λc ⊕ µd tk1 ⊗ y ⊕ λ1c ⊕ µ1d
= tk+k1 ⊗ x y + µk1tk1 ⊗ y − µ1ktk ⊗ x ⊕ kδk−k1xyc













positive root system of
◦
  ◦α1    
◦
α6 the root basis, 
◦
α∨1     
◦
α∨6  the
coroot basis, and E1     E6 F1     F6 the Chevalley generators. Let
◦
θ




 = ⊕◦α∈ ◦
◦
 ◦α be the
root space decomposition of
◦




 is deﬁned on
the Chevalley generators by
◦
ωEi = −Fii = 1     6. We choose F0 ∈
◦
 ◦θ
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θ, and set E0 = − ◦ωF0. Then, =
◦
 ⊕
c ⊕ d is the Cartan subalgebra of A. We denote by δ the linear
function on  deﬁned by δ◦⊕c = 0 δ d = 1.
The Chevalley generators of A are
e0 = t ⊗ E0 e1 = 1⊗ E1     e6 = 1⊗ E6
f0 = t−1 ⊗ F0 f1 = 1⊗ F1     f6 = 1⊗ F6
Now we describe the root system and the root space decomposition of A
with respect to  =
◦
⊕ C ⊕ d
 = jδ+ γ j ∈  γ ∈
◦
 ∪ jδ j ∈ \0
A = ⊕ ⊕α∈α
where
jδ+γ = tj ⊗
◦
γ jδ = tj ⊗
◦

We set α0 = δ−
◦
θ. Then the root basis of A is α0 α1     α6.
Let
◦
+ be the positive part of
◦
, then the positive part + of A is
+ =
◦
+ ⊕ tt ⊗
◦

and the set + of positive roots of A is
+ =
◦
+ ∪ jδ+ γ j ≥ 1 γ ∈
◦
 ∪ 0
Since j + 1δ− γ = jδ+ α0 +
◦









+ ∪ 0 = jδ+ rα0 + sγ r s = 0 1 γ ∈
◦
+ j ≥ 0
Set
0 = rα0 + sγ r s = 0 1 γ ∈
◦
+
j = jδ+ γγ ∈ 0 if j ≥ 1
Then
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1.2. The Classiﬁcation Method for Nilpotent Lie Algebras of
Maximal Rank
1.2.1.
Let  be a ﬁnite-dimensional nilpotent Lie algebra, Der  its derivation
algebra, and Aut  its automorphism group. A torus on  is a commutative
subalgebra of Der  whose elements are semisimple. Mostow’s theorem
(Theorem 4.1 of [11]) says that all maximal (for the inclusion) tori on 
are conjugate under Aut ; their common dimension is called the rank of
. The rank r of  is less than the dimension  of /; one says that
 is of maximal rank if r = .
1.2.2.
We associate a generalized Cartan matrix A = aij1≤i j≤ to  (see [12,
Sect. 3.2]).  is said to be of type A (note that in [12]  was rather the type).
1.2.3.
A nilpotent Lie algebra of maximal rank and of type A is a nilpotent Lie
algebra whose rank is equal to the codimension of its derived algebra and
whose associated Cartan matrix is A.
1.2.4.
Let G be the automorphism group of the Dynkin diagram of A and ++









Let  ++ be the set of ideals of + included in ++ and stable under
the action of the Cartan subalgebra  of A. The group G acts on + as
an automorphism group by σei = eσi i = 0     , where e0     e are the
Chevalley generators of +. The group G acts on  ++.
According to previous deﬁnitions and [12, 6.3], the mapping
G 	  → +/	
is a bijection from the set of G-orbits of  ++ onto the set of all repre-
sentatives of isomorphism classes of nilpotent Lie algebras of maximal rank
and of type A.
By the above theorem, our main problem of ﬁnding all nilpotent Lie
algebras of maximal rank and of type A is equivalent to the concrete
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problem of ﬁnding some ideals of the positive part of the Kac–Moody
algebra A up to the action of the automorphism group G of the Dynkin
diagram.
1.2.5.
Let ++ be deﬁned by
+ = αi + kαj 0 ≤ i = j ≤ 6 0 ≤ k ≤ −aji ∪ ++
We say that I is an ideal of + iff
α ∈ I α+ αi ∈ + "⇒ α+ αi ∈ I ∀ i = 0     6
Let  ++ be the set of ideals of + included in ++.




where 	 = α ∈ ++ 	 ∩ α = 0. Then, obviously, 	 ∈  ++.












ϕ	 = 	 ψI = I 
Clearly, ϕ ◦ ψ = 1. But ψ ◦ ϕ = 1 in general. If σ ∈ G then obviously






such that * ◦+ = 1. To ﬁnd  ++/G, it sufﬁces to ﬁnd  ++/G and
to determine *−1O for each O ∈  ++/G.
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1.2.6.
By the above paragraph, we see that the concrete problem of ﬁnding all
G-orbits of the positive part of the Kac–Moody algebra E16 , included
in ++, is reduced as a ﬁrst step to the geometric problem of ﬁnding all
G-orbits in the set of positive roots of E16  included in ++; we will
solve it by “glancing” at this set described in the Fig. 2. In fact we give an
ideal in each G-orbit; this is the object of paragraph 3. The last step (in
paragraph 4) is more difﬁcult and uses the technique of algebraic geometry,
it consists of ﬁnding all G-orbits of + associated to a given G-orbit of +.
It requires a case-by-case study. Fortunately, 2441 G-orbits (out of 2625) in
+ give each of them only one G-orbit in +; the remaining 184 ideals are
difﬁcult to handle and give rise to continuous families.
2. THE AUTOMORPHISM GROUP G OF THE
DYNKIN DIAGRAM OF E16
2.1.
From now on, we assume that A = E16 (remember that A is an afﬁne
matrix of table Aff1; see [9]).
The Dynkin diagram of E16 is shown in Fig. 1.
Then the automorphism group G of the Dynkin diagram is the group of
permutations of 0 6 1 2 5 4. G = id σ1 σ2 σ3 σ4 σ5, where
σ1 =
(
0 1 2 3 4 5 6




0 1 2 3 4 5 6




0 1 2 3 4 5 6




0 1 2 3 4 5 6




0 1 2 3 4 5 6
5 0 6 3 2 1 4
)

FIG. 1. Dynkin diagram of E16 .
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2.2.
We use the notation αj+1i = tj+1 ⊗
◦
α∨i  i = 1     6, and eji = tj ⊗ ei
i = 1     6. One says that
eji  i = 0     71 j ≥ 1 ∪ αj+1i  i = 0     6 j ≥ 0
is the Chevalley basis of +. Since G is generated by σ1 and σ2, it is sufﬁ-
cient to know the action of these automorphisms. It is easy to ﬁnd the
action of G on the basis of j+1δ = ⊕6i=1αj+1i :
σ1αj+11  = αj+15 σ1αj+12  = αj+14 σ1αj+13  = αj+13
σ1αj+14  = αj+12 σ1αj+15  = αj+11 σ1αj+16  = αj+16
σ2αj+11  = αj+15 σ2αj+12  = αj+14 σ2αj+13  = αj+13
σ2αj+14  = αj+16 σ2αj+16  = αj+12
σ2αj+15  = tj+1 ⊗
◦
α∨0 = −αj+11 − 2αj+12 − 3αj+13 − 2αj+14 − αj+15 − 2αj+16 




























σ1λ1 λ2 λ3 λ4 λ5 λ6 = λ5 λ4 λ3 λ2 λ1 λ6
σ2λ1 λ2 λ3 λ4 λ5 λ6
= −λ5−2λ5 + λ6 λ3 − 3λ5 λ2 − 2λ5 λ1 − λ5 λ4 − 2λ5
Finally the action of G on any subspace v1 ⊕ v2 ⊕ · · · is given by
σv1 ⊕ v2 ⊕ · · · = σv1 ⊕ σv2 ⊕ · · · 
Let us ﬁnd the action of G on the eji :
σ1ej0 = ej0 σ1ej1 = ej5 σ1ej2 = ej4 σ1ej3 = ej3
σ1ej4 = ej2 σ1ej5 = ej1 σ1ej6 = ej6
σ2ej0 = ej1 σ2ej1 = ej5 σ2ej2 = ej4 σ2ej3 = ej3
σ2ej4 = ej6 σ2ej5 = ej0 σ2ej6 = ej2
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Let σ ∈ G; if i = 0     6 then σeji = ejσi. If i > 6 then σeji =
σtj ⊗ ei1     eir  = tj ⊗ eσi1     eσir  = tj ⊗ eσi = e
j
σi, where
σ18 = 12 σ19 = 10 σ110 = 9 σ112 = 8 σ114 = 17
σ116 = 18 σ117 = 14 σ118 = 16 σ119 = 20 σ120 = 19
σ121 = 23 σ122 = 25 σ123 = 21 σ125 = 22 σ126 = 28
σ128 = 26 σ130 = 32 σ132 = 30 σ133 = 35 σ135 = 33
σ136 = 38 σ138 = 36 σ139 = 41 σ141 = 39 σ143 = 45
σ145 = 43 σ146 = 49 σ148 = 50 σ149 = 46 σ150 = 48
σ151 = 52 σ152 = 51 σ153 = 55 σ154 = 57 σ155 = 53
σ157 = 54 σ159 = 63 σ161 = 62 σ162 = 61 σ163 = 59
σ166 = 70 σ167 = 69 σ169 = 67 σ170 = 66
σ1i = i for i = 7 11 13 15 24 27 29 31 34 37 40 42 44 47 56 58
60 64 65 68 71.
σ27 = 8 σ28 = 12 σ29 = 10 σ210 = 11 σ211 = 9
σ212 = 7 σ213 = 14 σ214 = 17 σ215 = 18 σ216 = 15
σ217 = 13 σ218 = 16 σ219 = 21 σ220 = 22 σ221 = 25
σ222 = 23 σ223 = 20 σ224 = 24 σ225 = 19 σ226 = 29
σ227 = 30 σ228 = 26 σ229 = 28 σ230 = 32 σ231 = 31
σ232 = 27 σ233 = 37 σ234 = 36 σ235 = 33 σ236 = 38
σ237 = 35 σ238 = 34 σ239 = 44 σ240 = 40 σ241 = 39
σ242 = 43 σ243 = 45 σ244 = 41 σ245 = 42 σ246 = 52
σ247 = 47 σ248 = 51 σ249 = 48 σ250 = 46 σ251 = 49
σ252 = 50 σ253 = 55 σ254 = 58 σ255 = 56 σ256 = 53
σ257 = 54 σ258 = 57 σ259 = 64 σ260 = 62 σ261 = 60
σ262 = 61 σ263 = 59 σ264 = 63 σ265 = 69 σ266 = 71
σ267 = 65 σ268 = 68 σ269 = 67 σ270 = 66 σ271 = 70
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3. THE IDEALS IN +
3.1.
The set of positive roots of the simple ﬁnite-dimensional Lie algebra
associated to
◦













































































































































































































































































The highest root is
◦











We set αi =
◦
αi, i = 1     6. Since δ = α0 + α1 + 2α2 + 3α3 + 2α4 + α5 +
2α6, we have 0 = 0 α0     α72 with
α7 = α0 + α6 α8 = α1 + α2 α9 = α2 + α3
α10 = α3 + α4 α11 = α3 + α6 α12 = α4 + α5
α13 = α0 + α3 + α6 α14 = α1 + α2 + α3 α15 = α2 + α3 + α4
α16 = α2 + α3 + α6 α17 = α3 + α4 + α5 α18 = α3 + α4 + α6
α19 = α0 + α2 + α3 + α6 α20 = α0 + α3 + α4 + α6 α21 = α1 + α2 + α3+α4
α22 = α1 + α2 + α3 + α6 α23 = α2 + α3 + α4 + α5 α24 = α2 + α3 + α4+α6
α25 = α3 + α4 + α5 + α6
α26 = α0 + α1 + α2 + α3 + α6 α27 = α0 + α2 + α3 + α4 + α6
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α28 = α0 + α3 + α4 + α5 + α6 α29 = α1 + α2 + α3 + α4 + α5
α30 = α1 + α2 + α3 + α4 + α6 α31 = α2 + 2α3 + α4 + α6
α32 = α2 + α3 + α4 + α5 + α6
α33 = α0 + α1 + α2 + α3 + α4 + α6 α34 = α0 + α2 + 2α3 + α4 + α6
α35 = α0 + α2 + α3 + α4 + α5 + α6 α36 = α1 + α2 + 2α3 + α4 + α6
α37 = α1 + α2 + α3 + α4 + α5 + α6 α38 = α2 + 2α3 + α4 + α5 + α6
α39 = α0 + α1 + α2 + 2α3 + α4 + α6
α40 = α0 + α1 + α2 + α3 + α4 + α5 + α6
α41 = α0 + α2 + 2α3 + α4 + α5 + α6 α42 = α0 + α2 + 2α3 + α4 + 2α6
α43 = α1 + 2α2 + 2α3 + α4 + α6 α44 = α1 + α2 + 2α3 + α4 + α5 + α6
α45 = α2 + 2α3 + 2α4 + α5 + α6
α46 = α0 + α1 + 2α2 + 2α3 + α4 + α6
α47 = α0 + α1 + α2 + 2α3 + α4 + α5 + α6
α48 = α0 + α1 + α2 + 2α3 + α4 + 2α6
α49 = α0 + α2 + 2α3 + 2α4 + α5 + α6
α50 = α0 + α2 + 2α3 + α4 + α5 + 2α6
α51 = α1 + 2α2 + 2α3 + α4 + α5 + α6
α52 = α1 + α2 + 2α3 + 2α4 + α5 + α6
α53 = α0 + α1 + 2α2 + 2α3 + α4 + α5 + α6
α54 = α0 + α1 + 2α2 + 2α3 + α4 + 2α6
α55 = α0 + α1 + α2 + 2α3 + 2α4 + α5 + α6
α56 = α0 + α1 + α2 + 2α3 + α4 + α5 + 2α6
α57 = α0 + α2 + 2α3 + 2α4 + α5 + 2α6
α58 = α1 + 2α2 + 2α3 + 2α4 + α5 + α6
α59 = α0 + α1 + 2α2 + 3α3 + α4 + 2α6
α60 = α0 + α1 + 2α2 + 2α3 + 2α4 + α5 + α6
α61 = α0 + α1 + 2α2 + 2α3 + α4 + α5 + 2α6
α62 = α0 + α1 + α2 + 2α3 + 2α4 + α5 + 2α6
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α63 = α0 + α2 + 3α3 + 2α4 + α5 + 2α6
α64 = α1 + 2α2 + 3α3 + 2α4 + α5 + α6
α65 = α0 + α1 + 2α2 + 3α3 + 2α4 + α5 + α6
α66 = α0 + α1 + 2α2 + 3α3 + 2α4 + 2α6
α67 = α0 + α1 + 2α2 + 3α3 + α4 + α5 + 2α6
α68 = α0 + α1 + 2α2 + 2α3 + 2α4 + α5 + 2α6
α69 = α0 + α1 + α2 + 3α3 + 2α4 + α5 + 2α6
α70 = α0 + 2α2 + 3α3 + 2α4 + α5 + 2α6
α71 = α1 + 2α2 + 3α3 + 2α4 + α5 + 2α6
α72 = α0 + α1 + 2α2 + 3α3 + 2α4 + α5 + 2α6 = δ
We have





j = jδ+ γγ ∈ 0j ≥ 1







2 0 0 0 0 0 −1
0 2 −1 0 0 0 0
0 −1 2 −1 0 0 0
0 0 −1 2 −1 0 −1
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 0




++ = α13     α72 ∪ 1 ∪ 2 ∪ · · · 
3.2.
For j ∈ , we set
 j++ = I ∈  ++ jδ ∈ I j + 1δ ∈ I
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FIG. 2. Positive roots of E16 (each vertice i corresponds to the positive root αi + jδ).






 1++ →  j++ j ≥ 1
I → I + j − 1δ
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is a bijection of G-sets deﬁning therefore a bijection:
 1++/G→  j++/G j ≥ 1
G · I → G · I + j − 1δ





∈  independent of j ≥ 1 such that
 j++/G = Oji  1 ≤ i ≤ iE16 
We have to determine all /ji ∈ *−1Oji .
3.3.
There are 2625 series of G-orbits, we have # 0++/G = 1931 and
# j++/G = 2625, ∀ j ≥ 1. We choose an ideal arbitrarily in each orbit
O
j
i ; we set 

j the set of the ideals choosing for each j ≥ 0. We obtain 28
trees, each branch i1    ip of a tree corresponds to the ideal generated by
αi1 + jδ     αi1 + jδ. We reproduce one tree (Fig. 3).
In this section we have to determine an ideal I in each Oji ∈  ++/G.
To obtain *−1Oji , we will ﬁrst determine in the next section ϕ−1I. Each
ideal 	 ∈ ϕ−1I is in an orbit / ∈  ++/G.
4. THE IDEALS IN ++
4.1.
Let O ∈  j++/G and let I ∈ O. Then jδ ∈ I, but j + 1δ ∈ I. We
deﬁne
I ′ = α ∈ I α ≤ j + 1δ − 2
I ′′ = α ∈ I α = j + 1δ − 1
Then we have the partition
I = I ′ ∪ I ′′ ∪ j + 1δ
Since the choice of I in O is arbitrary, we have to determine all 	 ∈ ϕ−1I
up to the action of
GI = σ ∈ GσI = I
We have 	 = ⊕α∈I	α with 	α = 	 ∩ α.
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FIG. 3. This tree corresponds to the ideals 13    .
The partition of I gives us a direct sum decomposition for 	:
	 = ⊕α∈I ′	α ⊕ ⊕α∈I ′′	α ⊕ ⊕α∈j+1δ	α
Since dim α = 1 if α = kδ, we have 	α = α if α ∈ I and α = kδ; since
	kδ−αm = kδ−αm for m = 0     6 and k ≥ j + 1, we have 	kδ = kδ for
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k ≥ j + 1; it follows that
	 = ⊕α∈I ′α ⊕ ⊕α∈I ′′α ⊕ 	j+1δ ⊕ 
where
 = ⊕α>j+1δα








For the sake of simplicity, we denote λ1 λ2 λ3 λ4 λ5 λ6 = ⊕6i=1
λit
j+1 ⊗ ◦α∨i for λ1 λ2 λ3 λ4 λ5 λ6 ∈ 6.
Let n = #I ′′. Since
I ′′ ⊆ j + 1δ− αmm = 0 1     6
= jδ+ αmm = 65 66 67 68 69 70 71
we have 0 ≤ n ≤ 7, if we set 
 jn = I ∈ 
 j#I ′′ = n we have 
 j = ∪7n=0
 jn .
Then we have to consider seven cases (we denote by i1     ip the ideal
generated by jδ+ αi1     jδ+ αip):
Case 1. n = 0. Then I ′′ = & and 	 = 	j+1δ⊕ . There is only one ideal
in this case #
 j0 = 1: I = j + 1δ = 72 and GI = G. There are six
possibilities:
(1.a) dim 	j+1δ = 1. Then
	 = 	j λ1 λ2 λ3 λ4 λ5 λ672 = λ1 λ2 λ3 λ4 λ5 λ6 ⊕ 
for λ1 λ2 λ3 λ4 λ5 λ6 ∈ 6/G.
(1.b) dim 	j+1δ = 2. Then
	 = 	j λ1 λ3 λ4 λ5 λ6 µ1 µ3 µ4 µ5 µ672
= λ1 1 λ3 λ4 λ5 λ6 ⊕ µ1 0 µ3 µ4 µ5 µ6 ⊕ 
for λ1 λ3 λ4 λ5 λ6 µ1 µ3 µ4 µ5 µ6 ∈ 5 × 5/G.
(1.c) dim 	j+1δ = 3. Then
	 = 	j λ1 λ3 λ4 λ5 λ6 µ1 µ3 µ4 µ5 µ6 ν4 ν5 ν672
= λ1 1 λ3 λ4 λ5 λ6 ⊕ µ1 0 µ3 µ4 µ5 µ6
⊕ ν1 0 ν3 ν4 ν5 ν6 ⊕ 
for λ1 λ3 λ4 λ5 λ6 µ1 µ3 µ4 µ5 µ6 ν1 ν3 ν4 ν5 ν6 ∈ 5 ×5×
5/G.
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(1.d) dim 	j+1δ = 4. Then
	 = 	j λ1 λ4 λ5 µ1 µ4 µ5 ν1 ν4 ν5 η1 η4 η572
= λ1 1 0 λ4 λ5 0 ⊕ µ1 0 1 µ4 µ5 0
⊕ ν1 0 0 ν4 ν5 1 ⊕ η1 0 0 η4 η5 0 ⊕ 
for λ1 λ4 λ5 µ1 µ4 µ5 ν1 ν4 ν5 η1 η4 η5 ∈ 3 × 3 × 3 ×
3/G.
(1.e) dim 	j+1δ = 5. Then
	 = 	j λ µ ν η ρ72
= 1 0 0 0 λ 0 ⊕ 0 1 0 0 µ 0 ⊕ 0 0 1 0 ν 0
⊕ 0 0 0 1 η 0 ⊕ 0 0 0 0 ρ 1 ⊕ 
for λµ ν η ρ ∈ 5/G.
(1.f) dim 	j+1δ = 6. Then
	 = 	j72 = j+1δ ⊕ 
So
*−1O = {/j λ1 λ2 λ3 λ4 λ5 λ672  λ1 λ2 λ3 λ4 λ5 λ6 ∈ 6/G}
∪ {/j λ1 λ3 λ4 λ5 λ6 µ1 µ3 µ4 µ5 µ672 
λ1 λ3 λ4 λ5 λ6 µ1 µ3 µ4 µ5 µ6 ∈ 5 × 5/G
}
∪ {/j λ1 λ3 λ4 λ5 λ6 µ1 µ3 µ4 µ5 µ6 ν1 ν3 ν4 ν5 ν672 
λ1 λ3 λ4 λ5 λ6 µ1 µ3 µ4 µ5 µ6 ν1 ν3 ν4 ν5 ν6
∈ 5 × 5 × 5/G}
∪ {/j λ1 λ4 λ5 µ1 µ4 µ5 ν1 ν4 ν5 η1 η4 η572 
λ1 λ4 λ5 µ1 µ4 µ5 ν1 ν4 ν5 η1 η4 η5
∈ 3 × 3 × 3 × 3/G}
∪ {/j λ µ ν η ρ72  λµ ν η ρ ∈ 5/G} ∪ {/j72}
Case 2. n = 1. There are three ideals in this case #
 j1 = 3: 65,
66, 68. We have G65 = σ1 id = σ1, G66 = σ3 id = σ3, and
G68 = G.
If we call γ the unique element of I ′′, then
	 = γ ⊕ 	j+1δ ⊕ 
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	 contains the ideal generated by γ and γ = γ ⊕ 	γ ⊕  with 	γ a
subspace of dimension 1 in j+1δ.
There are three ideals in this case and six possibilities for each one:
I = 65, GI = G65 = σ1.
(2.1.a) dim 	j+1δ = 1. Then
	 = 	j65 1 = γ
with
	γ = 0 0 0 0 0 1
since γ = jδ+ α65 = j + 1δ− α6 for I = 65.
(2.1.b) dim 	j+1δ = 2. Then
	 = 	j λ1 λ2 λ3 λ4 λ565 = γ ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 0 0 0 1 ⊕ λ1 λ2 λ3 λ4 λ5 0
for λ1 λ2 λ3 λ4 λ5 ∈ 5/G65.
(2.1.c) dim 	j+1δ = 3. Then
	 = 	j λ1 λ2 λ3 λ4 λ5 µ1 µ2 µ3 µ4 µ565 = γ ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 0 0 0 1 ⊕ λ1 λ2 λ3 λ4 λ5 0 ⊕ µ1 µ2 µ3 µ4 µ5 0
for λ1 λ2 λ3 λ4 λ5 µ1 µ2 µ3 µ4 µ5 ∈ 5 × 5/G65.
(2.1.d) dim 	j+1δ = 4. Then
	 = 	j λ1 λ2 λ3 λ4 λ5 µ1 µ2 µ3 µ4 µ5 ν1 ν2 ν3 ν4 ν565 = γ ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 0 0 0 1 ⊕ λ1 λ2 λ3 λ4 λ5 0
⊕ µ1 µ2 µ3 µ4 µ5 0 ⊕ ν1 ν2 ν3 ν4 ν5 0
for λ1 λ2 λ3 λ4 λ5 µ1 µ2 µ3 µ4 µ5 ν1 ν2 ν3 ν4 ν5 ∈ 5×5×
5/G65.
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(2.1.e) dim 	j+1δ = 5. Then
	 = 	j λ3 λ4 λ5 µ3 µ4 µ5 ν3 ν4 ν5 η3 η4 η565 = γ ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 0 0 0 1 ⊕ 1 0 λ3 λ4 λ5 0
⊕ 0 1 µ3 µ4 µ5 0 ⊕ 0 0 ν3 ν4 ν5 0
⊕ 0 0 η3 η4 η5 0
for λ3 λ4 λ5 µ3 µ4 µ5 ν3 ν4 ν5 η3 η4 η5 ∈ 3 × 3 × 3 ×
3/G65.
(2.1.f) dim 	j+1δ = 6. Then
	 = 	j65 = γ ⊕ j+1δ ⊕ 
So
*−1O = {/j λ1 λ2 λ3 λ4 λ565  λ1 λ2 λ3 λ4 λ5 ∈ 5/G65}
∪ {/j λ1 λ2 λ3 λ4 λ5 µ1 µ2 µ3 µ4 µ565 
λ1 λ2 λ3 λ4 λ5 µ1 µ2 µ3 µ4 µ5 ∈ 5 × 5/G65
}
∪ {/j λ1 λ2 λ3 λ4 λ5 µ1 µ2 µ3 µ4 µ5 ν1 ν2 ν3 ν4 ν565 
λ1 λ2 λ3 λ4 λ5 µ1 µ2 µ3 µ4 µ5 ν1 ν2 ν3 ν4 ν5
∈ 5 × 5 × 5/G65
}
∪ {/j λ3 λ4 λ5 µ3 µ4 µ5ν3 ν4 ν5 η3 η4 η565 
λ3 λ4 λ5 µ3 µ4 µ5 ν3 ν4 ν5 η3 η4 η5
∈ 3 × 3 × 3 × 3/G65
}
∪ {/j65} ∪ {/j65 1}
Now, we continue with the study of the second ideal I = 66, GI =
G66 = σ3. We distinguish
(2.2.a) dim 	j+1δ = 1. Then
	 = 	j66 1 = γ
with
	γ = 0 0 0 0 1 0
since γ = jδ+ α66 = j + 1δ− α5 for I = 66.
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(2.2.b) dim 	j+1δ = 2. Then
	 = 	j λ1 λ2 λ3 λ4 λ666 = γ ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 0 0 1 0 ⊕ λ1 λ2 λ3 λ4 0 λ6
for λ1 λ2 λ3 λ4 λ6 ∈ 5/G66.
(2.2.c) dim 	j+1δ = 3. Then
	 = 	j λ1 λ2 λ3 λ4 λ6 µ1 µ2 µ3 µ4 µ666 = γ ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 0 0 1 0 ⊕ λ1 λ2 λ3 λ4 0 λ6
⊕ µ1 µ2 µ3 µ4 0 µ6
for λ1 λ2 λ3 λ4 λ6 µ1 µ2 µ3 µ4 µ6 ∈ 5 × 5/G66.
(2.2.d) dim 	j+1δ = 4. Then
	 = 	j λ1 λ2 λ3 λ4 λ6 µ1 µ2 µ3 µ4 µ6 ν1 ν2 ν3 ν4 ν666 = γ ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 0 0 1 0 ⊕ λ1 λ2 λ3 λ4 0 λ6
⊕ µ1 µ2 µ3 µ4 0 µ6 ⊕ ν1 ν2 ν3 ν4 0 ν6
for λ1 λ2 λ3 λ4 λ6 µ1 µ2 µ3 µ4 µ6 ν1 ν2 ν3 ν4 ν6 ∈ 5×5×
5/G66.
(2.2.e) dim 	j+1δ = 5. Then
	 = 	j λ µ ν η66 = γ ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 0 0 1 0 ⊕ λ 1 0 0 0 0
⊕ µ 0 1 0 0 0 ⊕ ν 0 0 1 0 0 ⊕ η 0 0 0 0 1
for λµ ν η ∈ 4/G66.
(2.2.f) dim 	j+1δ = 6. Then
	 = 	j66 = γ ⊕ j+1δ ⊕ 
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So
*−1O = {/j λ1 λ2 λ3 λ4 λ666  λ1 λ2 λ3 λ4 λ6 ∈ 5/G66}
∪ {/j λ1 λ2 λ3 λ4 λ6 µ1 µ2 µ3 µ4 µ666 
λ1 λ2 λ3 λ4 λ6 µ1 µ2 µ3 µ4 µ6 ∈ 5 × 5/G66
}
∪ {/j λ1 λ2 λ3 λ4 λ6 µ1 µ2 µ3 µ4 µ6 ν1 ν2 ν3 ν4 ν666 
λ1 λ2 λ3 λ4 λ6 µ1 µ2 µ3 µ4 µ6 ν1 ν2 ν3 ν4 ν6
∈ 5 × 5 × 5/G66
}
∪ {/j λ µ ν η66  λµ ν η ∈ 4/G66}
∪ {/j66} ∪ {/j66 1}
Finally, with respect to the third ideal I = 68, GI = G68 = G we have
the following.
(2.3.a) dim 	j+1δ = 1. Then
	 = 	j68 1 = γ
with
	γ = 0 0 1 0 0 0
since γ = jδ+ α68 = j + 1δ− α3 for I = 68.
(2.3.b) dim 	j+1δ = 2. Then
	 = 	j λ1 λ4 λ5 λ668 = γ ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 1 0 0 0 ⊕ λ1 1 0 λ4 λ5 λ6
for λ1 λ4 λ5 λ6 ∈ 4/G68.
(2.3.c) dim 	j+1δ = 3. Then
	 = 	j λ1 λ4 λ5 λ6 µ1 µ4 µ5 µ668 = γ ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 1 0 0 0 ⊕ λ1 1 0 λ4 λ5 λ6 ⊕ µ1 0 0 µ4 µ5 µ6
for λ1 λ4 λ5 λ6 µ1 µ4 µ5 µ6 ∈ 4 × 4/G68.
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(2.3.d) dim 	j+1δ = 4. Then
	 = 	j λ1 λ5 λ6 µ1 µ5 µ6 ν1 ν5 ν668 = γ ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 1 0 0 0 ⊕ λ1 1 0 0 λ5 λ6 ⊕ µ1 0 0 1 µ5 µ6
⊕ ν1 0 0 0 ν5 ν6
for λ1 λ5 λ6 µ1 µ5 µ6 ν1 ν5 ν6 ∈ 3 × 3 × 3/G68.
(2.3.e) dim 	j+1δ = 5. Then
	 = 	j λ µ ν η68 = γ ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 1 0 0 0 ⊕ 1 0 0 0 λ 0 ⊕ 0 1 0 0 µ 0
⊕ 0 0 0 1 ν 0 ⊕ 0 0 0 0 η 1
for λµ ν η ∈ 4/G68.
(2.3.f) dim 	j+1δ = 6. Then
	 = 	j68 = γ ⊕ j+1δ ⊕ 
So
*−1O = {/j λ1 λ4 λ5 λ668  λ1 λ4 λ5 λ6 ∈ 4/G68}
∪ {/j λ1 λ4 λ5 λ6 µ1 µ4 µ5 µ668 
λ1 λ4 λ5 λ6 µ1 µ4 µ5 µ6 ∈ 4 × 4/G68
}
∪ {/j λ1 λ5 λ6 µ1 µ5 µ6 ν1 ν5 ν668 
λ1 λ5 λ6 µ1 µ5 µ6 ν1 ν5 ν6 ∈ 3 × 3 × 3/G68
}
∪ {/j λ µν η68  λµ ν η ∈ 4/G68}
∪ {/j68} ∪ {/j68 1}
Case 3. n = 2. There are eight ideals in this case #
 j2 = 8: 59 60
65 66 65 67 65 68 65 71 66 68, and 66 70.
We have
G59 = G66 68 = σ3G60 = G65 68 = G65 71 = G66 70 = σ1
G65 66 = idG65 67 = σ4
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If we call γ1 and γ2 the two elements of I ′′, then
	 = γ1 ⊕ γ2 ⊕ 	j+1δ ⊕ 
	 contains the ideal generated by γ1 and γ2 and γ1 γ2 = γ1 ⊕ γ2 ⊕
	γ1 γ2 ⊕  with 	γ1 γ2 a subspace of dimension 2 in j+1δ.
As there are eight ideals in this case, we will deal with I = 59, as
an example. The other ideals are handled in the same way. We ﬁnd ﬁve
possibilities:
(3.a) dim 	j+1δ = 2. Then
	 = 	j59 1 = γ1 γ2
with
	γ1 γ2 = 0 0 0 1 0 0 ⊕ 0 0 0 0 1 0
since γ1 = j + 1δ− α4 and γ2 = j + 1δ− α5 for I = 59.
(3.b) dim 	j+1δ = 3. Then
	 = 	j λ1 λ2 λ3 λ659 = γ1 ⊕ γ2 ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 0 1 0 0 ⊕ 0 0 0 0 1 0 ⊕ λ1 λ2 λ3 0 0 λ6
for λ1 λ2 λ3 λ6 ∈ 4/G59.
(3.c) dim 	j+1δ = 4. Then
	 = 	j λ1 λ2 λ3 λ6 µ1 µ2 µ3 µ659 = γ1 ⊕ γ2 ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 0 1 0 0 ⊕ 0 0 0 0 1 0 ⊕ λ1 λ2 λ3 0 0 λ6
⊕ µ1 µ2 µ3 0 0 µ6
for λ1 λ2 λ3 λ6 µ1 µ2 µ3 µ6 ∈ 4 × 4/G59.
(3.d) dim 	j+1δ = 5. Then
	 = 	j λ µ ν59 = γ1 ⊕ γ2 ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 0 1 0 0 ⊕ 0 0 0 0 1 0 ⊕ λ 1 0 0 0 0
⊕ µ 0 1 0 0 0 ⊕ ν 0 0 0 0 1
for λµ ν ∈ 3/G59.
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(3.e) dim 	j+1δ = 6. Then
	 = 	j59 = γ1 ⊕ γ2 ⊕ j+1δ ⊕ 
So
*−1O = {/j λ1 λ2 λ3 λ659  λ1 λ2 λ3 λ6 ∈ 4/G59}
∪ {/j λ1 λ2 λ3 λ6µ1 µ2 µ3 µ659 
λ1 λ2 λ3 λ6 µ1 µ2 µ3 µ6 ∈ 4 × 4/G59
}
∪ {/j λ µ ν59  λµ ν ∈ 3/G59}
∪ {/j59} ∪ {/j59 1}
Case 4. n = 3. There are 20 ideals in this case #
 j3 = 20: 53, 54,
59 61, 59 65, 59 68, 59 70, 60 61, 60 66, 60 67, 60 71,
65 66 67, 65 66 68, 65 66 69, 65 66 70, 65 66 71, 65 67 68,
65 67 69, 65 68 71, 66 68 70, and 66 70 71.
We have G53 = G60 61 = G65 67 68 = σ4, G54 = G59 61 =
G59 68 = G65 66 69 = σ3, G59 65 = G59 70 = G60 66 = G60 67 =
G65 66 67 = G65 66 68 = G65 66 71 = id, G60 71 = G65 66 70 =
G65 68 71 = G66 68 70 = σ1G65 67 69 = G66 70 71 = G.
If we call γ1, γ2, and γ3 the three elements of I ′′, then
	 = γ1 ⊕ γ2 ⊕ γ3 ⊕ 	j+1δ ⊕ 
	 contains the ideal generated by γ1 , γ2 , and γ3 and γ1 γ2 γ3 =
γ1 ⊕ γ2 ⊕ γ3 ⊕ 	γ1 γ2 γ3 ⊕  with 	γ1 γ2 γ3 a subspace of dimension 3 in
j+1δ.
As there are 20 ideals in this case, we will deal with I = 53, as an
example. The other ideals are handled in the same way. We ﬁnd four possi-
bilities:
(4.a) dim 	j+1δ = 3 then
	 = 	j53 1 = γ1 γ2 γ3
with
	γ1 γ2 γ3 = 0 0 1 0 0 0 ⊕ 0 0 0 1 0 0 ⊕ 0 0 0 0 0 1
since γ1 = j + 1δ − α3, γ2 = j + 1δ − α4, and γ3 = j + 1δ − α6 for
I = jδ+ α53.
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(4.b) dim 	j+1δ = 4 then
	 = 	j λ1 λ2 λ553 = γ1 ⊕ γ2 ⊕ γ3 ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 1 0 0 0 ⊕ 0 0 0 1 0 0 ⊕ 0 0 0 0 0 1
⊕ λ1 λ2 0 0 λ5 0
for λ1 λ2 λ5 ∈ 3/G53.
(4.c) dim 	j+1δ = 5 then
	 = 	j λ µ53 = γ1 ⊕ γ2 ⊕ γ3 ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 0 1 0 0 0 ⊕ 0 0 0 1 0 0 ⊕ 0 0 0 0 0 1
⊕ 1 0 0 0 λ 0 ⊕ 0 1 0 0 µ 0
for λµ ∈ 2/G53.
(4.d) dim 	j+1δ = 6 then
	 = 	j53 = γ1 ⊕ γ2 ⊕ γ3 ⊕ j+1δ ⊕ 
So
*−1O = {/j λ1 λ2 λ553  λ1 λ2 λ5 ∈ 3/G53}
∪ {/j λ µ53  λµ ∈ 2/G53}∪{/j53}∪{/j53 1}
Case 5. n = 4. There are 45 ideals in this case #
 j4 = 45: 40,
46, 47, 53 54, 53 55, 53 59, 53 62, 53 66, 53 69, 53 70,
54 60, 54 65, 54 70, 59 60, 59 63, 53 55 56, 59 60 61,
59 61 65, 59 61 70, 59 65 68, 59 65 69, 59 65 70, 59 65 71,
59 68 70, 59 70 71, 60 61 62, 60 61 66, 60 61 69, 60 61 70,
60 66 67, 60 66 69, 60 66 70, 60 66 71, 60 67 69, 60 67 71,
65 66 67 68, 65 66 67 69, 65 66 67 70, 65 66 67 71, 65 66,
68 69, 65 66 68 70, 65 66 68 71, 65 66 70 71, 65 67 68 69,
and 66 68 70 71.
We have
G40 = G47 = G53 55 56 = G60 61 62 = G65 67 68 69
= G66 68 70 71 = G
G46 = G53 54 = G53 59 = G53 66 = G54 60 = G54 65 = G54 70
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= G59 60G59 60 61 = G59 61 65 = G59 61 70 = G59 65 68
= G59 65 70 = G59 65 71 = G59 68 70 = G60 61 66 = G60 66 67
= G60 66 69 = G60 66 71 = G60 67 71 = G65 66 67 68
= G65 66 67 70 = G65 66 68 71 = id
G53 55 = G59 63 = G60 66 70 = G60 67 69 = G65 66 68 70
= G65 66 70 71 = σ1
G53 62 = G53 69 = G53 70 = G60 61 69 = G60 61 70
= G65 66 67 71 = σ4
G59 65 69 = G59 70 71 = G65 66 67 69 = G65 66 68 69 = σ3
If we call γ1 γ2 γ3, and γ4 the four elements of I ′′, then
	 = γ1 ⊕ γ2 ⊕ γ3 ⊕ γ4 ⊕ 	j+1δ ⊕ 
	 contains the ideal generated by γ1 γ2 γ3 , and γ4 and
γ1 γ2 γ3 γ4 = γ1 ⊕ γ2 ⊕ γ3 ⊕ γ4 ⊕ 	γ1 γ2 γ3 γ4 ⊕ 
with 	γ1 γ2 γ3 γ4 a subspace of dimension 4 in j+1δ.
As there are 45 ideals in this case, we will deal with I = 40, as an
example. The other ideals are handled in the same way. We ﬁnd three
possibilities:
(5.a) dim 	j+1δ = 4 then
	 = 	j40 1 = γ1 γ2 γ3 γ4
with
	γ1 γ2 γ3 γ4 = 0 1 0 0 0 0 ⊕ 0 0 1 0 0 0 ⊕ 0 0 0 1 0 0
⊕ 0 0 0 0 0 1
since γ1 = j + 1δ− α2, γ2 = j + 1δ− α3, γ3 = j + 1δ− α4, and γ4 =
j + 1δ− α6 for I = 40.
(5.b) dim 	j+1δ = 5 then
	 = 	j λ40 = γ1 ⊕ γ2 ⊕ γ3 ⊕ γ4 ⊕ 	j+1δ ⊕ 
with
	j+1δ = 0 1 0 0 0 0 ⊕ 0 0 1 0 0 0 ⊕ 0 0 0 1 0 0
⊕ 0 0 0 0 0 1 ⊕ 1 0 0 0 λ 0
for λ ∈ /G40.
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(5.c) dim 	j+1δ = 6 then
	 = 	j40 = γ1 ⊕ γ2 ⊕ γ3 ⊕ γ4 ⊕ j+1δ ⊕ 
So
*−1O = {/jλ40λ ∈ /G40} ∪ {/j40} ∪ {/j40 1}
Case 6. n = 5. There are 107 ideals in this case #
 j5 = 107: 26, 33,
39, 42, 39 40, 40 46, 40 54, 40 59, 40 66,46 47, 46 48,
46 51, 46 55, 46 56, 46 58, 46 62, 46 64, 46 69, 46 70,
46 71, 47 54, 47 59, 47 66, 53 57, 53 63, 54 57, 54 63,
40 46 48, 46 47 48, 46 48 55, 46 55 56, 53 54 55, 53 54 56,
53 54 58, 53 54 62, 53 54 64, 53 54 69, 53 54 70, 53 54 71,
53 55 59, 53 55 64, 53 55 66, 53 55 71, 53 59 62, 53 59 64,
53 59 69, 53 59 70, 53 59 71, 53 62 63, 53 62 66, 53 62 70,
53 66 69, 53 66 70, 53 66 71, 53 69 70, 54 60 62, 54 60 64,
54 60 69, 54 60 70, 54 60 71, 54 65 69, 54 65 70, 54 65 71,
54 70 71, 59 60 62, 59 60 64, 59 60 69, 59 60 70, 59 60 71,
59 63 65, 59 63 68, 59 63 71, 53 54 55 56, 53 55 56 59,
53 55 56 66, 59 60 61 62, 59 60 61 64, 59 60 61 69, 59 60,
61 70, 59 60 61 71, 59 61 65 69, 59 61 65 70, 59 61 65 71,
59 61 70 71, 59 65 68 69, 59 65 68 70, 59 65 68 71, 59 65,
69 70, 59 65 70 71, 59 68 70 71, 60 61 62 66, 60 61 66 69,
60 61 66 70, 60 61 66 71, 60 61 69 70, 60 66 67 69, 60 66,
67 70, 60 66 67 71, 60 66 69 71, 60 66 70 71, 60 67 69 71,
65 66 67 68 69, 65 66 67 68 70, 65 66 67 68 71, 65 66 67,
69 70, 65 66 67 70 71, and 65 66 68 70 71.
If we call γ1 γ2 γ3 γ4, and γ5 the ﬁve elements of I ′′, then
	 = γ1 ⊕ γ2 ⊕ γ3 ⊕ γ4 ⊕ γ5 ⊕ 	j+1δ ⊕ 
	 contains the ideal generated by γ1 γ2 γ3 , γ4 , and γ5 and
γ1 γ2 γ3 γ4 γ5 = γ1 ⊕ γ2 ⊕ γ3 ⊕ γ4 ⊕ γ5 ⊕ 	γ1 γ2 γ3 γ4 ⊕ 
with 	γ1 γ2 γ3 γ4 γ5 a subspace of dimension 5 in j+1δ.
As there are 107 ideals in this case, we will deal with I = 26, as an
example. The other ideals are handled in the same way. We ﬁnd two possi-
bilities:
(6.a) dim 	j+1δ = 5 then
	 = 	j26 1 = γ1 γ2 γ3 γ4 γ5
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with
	γ1 γ2 γ3 γ4 γ5 = 0 1 0 0 0 0 ⊕ 0 0 1 0 0 0 ⊕ 0 0 0 1 0 0
⊕ 0 0 0 0 1 0 ⊕ 0 0 0 0 0 1
since γ1 = j + 1δ − α2, γ2 = j + 1δ − α3, γ3 = j + 1δ − α4, γ4 =
j + 1δ− α5 and γ5 = j + 1δ− α6 for I = 26.
(6.b) dim 	j+1δ = 6 then
	 = 	j26 = γ1 ⊕ γ2 ⊕ γ3 ⊕ γ4 ⊕ γ5 ⊕ j+1δ ⊕ 
So
*−1O = {/j26} ∪ {/j26 1}
Case 7. n = 6 7. In this case we ﬁnd the remaining ideals #
 j6 ∪ 
 j7 =
2441.
n = 6 7 implies 	j+1δ = j+1δ; thus 	 = I .
So
*−1O = {/jI}
As a consequence of this study we have the following.
4.2.
Main Theorem. Up to isomorphism there are exactly: (a) 2807 inﬁnite
series with discrete parameters:
E
1 j
6 I for I ∈ 
 j j ≥ 0
E
1 j
6 I 1 for I ∈ 
 jn  1 ≤ n ≤ 5 j ≥ 0
(b) 126 inﬁnite series with continuous parameters: j ≥ 0
E
1 j λ1 λ2 λ3 λ4 λ5 λ6
6 72 λ1 λ2 λ3 λ4 λ5 λ6 ∈ 6/G{
E
1 j λ1 λ3 λ4 λ5 λ6 µ1 µ3 µ4 µ5 µ6
6 72
λ1 λ3 λ4 λ5 λ6 µ1 µ3 µ4 µ5 µ6 ∈ 5 × 5/G

E
1 j λ1 λ3 λ4 λ5 λ6 µ1 µ3 µ4 µ5 µ6ν1 ν3 ν4 ν5 ν6
6 72
λ1 λ3 λ4 λ5 λ6 µ1 µ3 µ4 µ5 µ6
ν1 ν3 ν4 ν5 ν6 ∈ 5 × 5 × 5/G

E
1 j λ1 λ4 λ5 µ1 µ4 µ5 ν1 ν4 ν5 η1 η4 η5
6 72
λ1 λ4 λ5 µ1 µ4 µ5
ν1 ν4 ν5 η1 η4 η5 ∈ 3 × 3 × 3 × 3/G
E
1 jλ µ ν η ρ
6 72 λµ ν η ρ ∈ 5/G
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E
1 j λ1 λ2 λ3 λ4 λ5
6 I
{ λ1 λ2 λ3 λ4 λ5 ∈ 5/GI
I = 65 66

E
1 j λ1 λ2 λ3 λ4 λ5 µ1 µ2 µ3 µ4 µ5
6 I
λ1 λ2 λ3 λ4 λ5 µ1 µ2 µ3 µ4 µ5 ∈ 5 × 5/GI
I = 65 66

E
1 j λ1 λ2 λ3 λ4 λ5 µ1 µ2 µ3 µ4 µ5ν1 ν2 ν3 ν4 ν5
6 I
λ1 λ2 λ3 λ4 λ5 µ1 µ2 µ3 µ4 µ5
ν1 ν2 ν3 ν4 ν5 ∈ 5 × 5 × 5/GI
I = 65 66

E
1 j λ3 λ4 λ5 µ3 µ4 µ5 ν3 ν4 ν5 η3 η4 η5
6 65
λ3 λ4 λ5 µ3 µ4 µ5
ν3 ν4 ν5 η3 η4 η5 ∈ 3 × 3 × 3 × 3/G65
E
1 jλ µ ν η
6 I λµ ν η ∈ 4/Gi I = 66 68
E
1 j λ1 λ4 λ5 λ6
6 68 λ1 λ4 λ5 λ6 ∈ 4/G68{
E
1 j λ1 λ4 λ5 λ6 µ1 µ4 µ5 µ6
6 68
λ1 λ4 λ5 λ6 µ1 µ4 µ5 µ6 ∈ 4 × 4/G68

E
1 j λ1 λ5 λ6 µ1 µ5 µ6ν1 ν5 ν6
6 68
λ1 λ5 λ6 µ1 µ5 µ6
ν1 ν5 ν6 ∈ 3 × 3 × 3/G68
E




λ1 λ2 λ3 λ6 ∈ 4/GI




1 j λ1 λ2 λ3 λ6 µ1 µ2 µ3 µ6
6 I
λ1 λ2 λ3 λ6 µ1 µ2 µ3 µ6 ∈ 4 × 4/GI
I = 59 60 65 67 65 68 66 68 66 70
E
1 jλ µ ν
6 I λµ ν ∈ 3/GI I = 59 65 67 66 68

E
1 j λ4 λ5 µ4 µ5ν4 ν5
6 I
λ4 λ5 µ4 µ5 ν4 ν5 ∈ 2 × 2 × 2/GI
I = 60 65 68 65 71
E
1 j λ1 λ2 λ3 λ4
6 65 66 λ1 λ2 λ3 λ4 ∈ 4{
E
1 j λ1 λ2 λ3 λ4 µ1 µ2 µ3 µ4
6 65 66
λ1 λ2 λ3 λ4 µ1 µ2 µ3 µ4 ∈ 4 × 4
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E
1 j λ1 λ2 λ3 λ4 µ1 µ2 µ3 µ4 ν1 ν2 ν3 ν4
6 65 66
λ1 λ2 λ3 λ4 µ1 µ2 µ3 µ4 ν1 ν2 ν3 ν4 ∈ 4 × 4 × 4{
E
1 j λ3 λ4 λ5 µ3 µ4 µ5
6 65 71
λ3 λ4 λ5 µ3 µ4 µ5 ∈ 3 × 3/G65 71{
E
1 j λ3 λ4 λ6 µ3 µ4 µ6 ν3 ν4 ν6
6 66 70
λ3 λ4 λ5 µ3 µ4 µ5 ∈ 3 × 3 × 3/G66 70

E
1 j λ1 λ2 λ5
6 I λ1 λ2 λ5 ∈ 3/GI
I = 53 54 59 61 59 68 60 61 60 71 65 66 69
65 66 70 65 67 68 65 68 71 66 68 70 66 70 71

E
1 j λ µ
6 I λµ ∈ 2/GI
I = 53 54 59 61 59 68 60 61 60 71 65 66 69
65 67 68 65 67 69 65 68 71

E
1 j λ1 λ2 λ3
6 I λ1 λ2 λ3 ∈ 3




1 j λ1 λ2 λ3 µ1 µ2 µ3
6 I λ1 λ2 λ3 µ1 µ2 µ3 ∈ 3 × 3
I = 59 65 59 70 60 66 60 67 65 66 67 65 66 68
65 66 71{
E
1 j λ3 λ4 µ3 µ4
6 I λ3 λ4 µ3 µ4 ∈ 2 × 2/GI
I = 65 66 70 66 68 70 66 70 71
E
1 j λ1 λ5




6 I λ ∈ /GI
I = 40 47 53 55 53 62 53 69 53 70 53 55 56
59 65 69 60 61 62 60 61 69 60 61 70 60 66 70
60 67 69 65 66 67 69 65 66 68 69 65 66 68 70
65 67 68 69 66 68 70 71{
E
1 j λ3 λ6
6 I λ3 λ6 ∈ 2/GI




6I λ1 λ2 ∈ 2
I = 46 53 54 53 59 53 66 54 60 54 65 54 70
59 60 59 60 61 59 61 65 59 61 70 59 65 68
59 65 70 59 65 71 59 68 70 60 61 66 60 66 67
60 66 69 60 66 71 60 67 71 65 66 67 68
65 66 67 70 65 66 68 71
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of nilpotent Lie algebras of maximal rank and of Kac–Moody type E16 .
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